Abstract-This work investigates the end-to-end performance of randomized distributed space-time codes with complex Gaussian distribution, when employed in a wireless relay network. The relaying nodes are assumed to adopt a decode-and-forward strategy and transmissions are affected by small and large scale fading phenomena. Extremely tight, analytical approximations of the end-to-end symbol error probability and of the end-toend outage probability are derived and successfully validated through Monte-Carlo simulation. For the high signal-to-noise ratio regime, a simple, closed-form expression for the symbol error probability is further provided.
I. INTRODUCTION
Cooperative communications and relay networks are gaining greater attention and interest in modern wireless communication systems. These solutions are particularly appealing whenever power and spectrum resources are limited or transmission is subject to severe impairments caused by deep fades and shadowing: in addition to the source and the destination, these schemes leverage the transmissions of further nodes that actively contribute to the data delivery process, therefore improving overall performance. This paper focuses on a multirelay cooperative architecture for point-to-point communications, assuming that the relays operate in half-duplex mode and that they adopt a decode-and-forward protocol. It also makes the assumption that no channel state information (CSI) is available and that there is no communication link among relays.
The literature offers several contributions in the area of cooperative communications via multiple relays: to name a few, the work in [1] applies a linear dispersion space-time code among the relays, a viable approach for a fixed number of relays; the proposal in [2] puts forth a solution named random distributed space-time codes (RDSTC), where each relay transmits a random linear combination of the columns of a deterministic space-time codeword, an appealing alternative for the real setting, where the number of cooperating nodes is a priori unknown. Among the most recent works, it is worth mentioning the study in [3] , that investigates the physical layer of an amplify-and-forward relaying protocol whose most notable feature is the ease of implementation; [4] , that establishes a cross-layer design also exploiting the medium access control layer benefits of cooperative relaying; [5] , that analyzes the performance of optimum combining in a decode-and-forward relay network with equal-power interferers.
As regards to RDSTCs, in the recent literature we can account for some significant works where their performance is analyzed. In [6] and [7] approximated expressions for the outage probability are derived for uniform phase RDSTC. In [8] , some of the authors of the current work began to explore the performance of relay networks employing RDSTC in the presence of Rayleigh fading: such an investigation was further extended in [9] to the case of Nakagami fading. The current work generalizes the previous findings, considering the simultaneous presence of Nakagami distributed fast fading and lognormal shadowing. Tight, analytical approximations are derived for both the end-to-end symbol error probability, SEP e2e , and the end-to-end outage probability, OP e2e . The approximations are successfully validated through a comparison with the results obtained by simulation, and for the high signal-to-noise ratio (SNR) regime, a much simpler expression is obtained for the SEP e2e .
The remainder of the paper is organized as follows: Section II provides the channel model description and highlights the notable features of the wireless relay network under consideration; Section III details the analysis that leads to the determination of the SEP e2e and of the OP e2e ; Section IV derives an approximated expression for the SEP e2e , that holds in the asymptotic, high SNR regime; Section V reports some illustrative numerical results and Section VI concludes the paper.
II. CHANNEL MODEL AND SYSTEM DESCRIPTION
The system we consider in this paper is a multiple relay wireless network constituted by a source and a destination terminal that communicate through an array of Q relaying nodes, R 1 , R 2 , · · · , R Q . Each node is equipped with a single antenna and is allowed to access the medium in half-duplex mode. Communication relies on a two-hop transmission: on the first hop the source broadcasts the desired message to the array of relay nodes; on the second hop, the relays that are able to correctly decode the message re-encode it through the RDSTC scheme proposed in [2] and forward it to the destination. Synchronization among nodes is maintained in a distributed manner, but detailing its structure is beyond the purpose of this research.
In what follows, we first put forth the description of the channel model we consider; next, we briefly recall the salient features of the examined relay network.
A. Channel Characterization
The radio channel between the source and the j-th relay is subject to both small and large scale fading phenomena: let h 1j denote its channel coefficient. Similarly, let h 2j denote the coefficient of the radio channel between the j-th relay and the destination, that is affected by the same kind of fading. The random variables h ij , i = 1, 2, j = 1, 2, . . . , Q, are assumed to be independent; for clearness' sake, in what follows we will omit subscript i, discriminating between the two hops, unless strictly necessary. We further assume that h j is Nakagami-m distributed once its mean is fixed, so that the channel gain g j = |h j | 2 is Gamma distributed. Accordingly, the probability density function (PDF) of g j , conditioned to the channel mean power Ω j , is
where Γ(·) is the Gamma function, defined as Γ(n + 1) = n!, and m j is the fading severity parameter; the cumulative distribution function (CDF) of g j conditioned upon Ω j is
with Γ(a, x) representing the incomplete Gamma function,
In the literature, Ω j variations have been described by several distributions: as demonstrated in [10] , the one guaranteeing the best agreement with empiric measurements is the lognormal distribution. Hence, in order to account for the effects of shadowing, we model each Ω j as an independent, lognormally distributed random variable, whose PDF is
where k = 10/ ln 10, σ j and μ j being expressed in dB.
Given symbol E X [·] denotes the expectation with respect to the random variable X, to determine the CDF of g j unconditioned to Ω j , we evaluate
Making use of (2) and (3), we can rewrite (4) as
that with the change of variable y = 10 log 10 Ωj −μj √ 2σj
becomes
where
Although a closed-form solution of (6) is not available, a highly accurate discrete approximation is possible resorting to the Gauss-Hermite quadrature method [11] , that allows to rewrite (6) as
where W ν and r ν stand for the ν-th weight and the ν-th root of the Hermite polynomial, respectively, whose values have been tabulated in literature for N H values up to 20 [11] .
In the following sections we will employ the approximated expression for the CDF of the channel gain g j provided by (8) to determine both the SEP e2e and the OP e2e of the transmission system under consideration.
B. System Model
In the examined scenario, where the radio channel introduces deep fades and the line of sight between any transmitterreceiver pair is seldom present, it is very likely that not all the relays will succeed in decoding the source message. Both the number T and the subset of successful relaying nodes, that we term active nodes, will therefore be random: as indicated by [2] , this makes the adoption of RDSTCs particularly attractive. The structure of the complex Gaussian RDSTC considered in this paper is the one first introduced in [2] , that is briefly reported below.
Given a block of symbols s = {s 1 , ..., s B } is broadcasted by the source on the first hop and correctly decoded by T out of the Q relays, then each of the active relays maps the symbols into a matrix C, of size B ×L, where L is the number of antennas of the underlying space-time coding scheme; next, every relay provides to retransmit a random linear combination of the encoded symbols, in a manner that is independent from relay to relay. In summary:
with R being the L×T randomization matrix: its j-th column, r j , gives the coefficients of the linear combination performed by the j-th relay. The elements of R are complex Gaussian random variables with zero mean and unit variance. At the destination, the block of received symbols is
where h 2 = [h 2j ] is the T × 1 vector of channel coefficients on the second hop and n is the vector representing the additive white Gaussian noise.
III. END-TO-END ANALYSIS

A. First Hop
In the previous section, it has been pointed out that due to the fading and shadowing impairments, the set of active relays on the second hop will be a random subset of the whole set of Q relays of the system. Recalling [8] , we can therefore express the probability of a symbol error or of an outage event X as follows
where D z is a given subset of z active relays. Given that the j-th relay is active if it can successfully decode the symbols it receives from the source, i.e., if
that recalling (8) becomes
B. Symbol Error Probability
In this subsection, we first derive the analytical expression of P e2 , the symbol error probability for the transmission on the second hop of the RDSTC relay network, when an M -PSK modulation scheme is considered, resorting to a moment generating function (MGF) based approach. Next, P e2 expression is employed to determine the SEP e2e . To evaluate P e2 , we have to analyze the statistical behavior of ξ, the instantaneous received SNR. If we assume as in [8] an orthogonal design of the space-time code, then ξ is given by
with ξ 0 = P S /N 0 being the average SNR at the destination and || · || 2 F indicating the squared Frobenius vectorial norm. Recalling [8] , the expression of the MGF of ξ is
As the elements of vector h 2 are independent random variables, (15) can be rewritten via a product form:
Recalling (1) and (3), (17) becomes
Integrating first with respect to x and introducing a suitable change of variable, q = sξ 0 x, we have
The inner integral can be expressed via the Confluent Hypergeometric function, defined as Ψ(α, γ; z) = 
To perform the second integration with respect to Ω 2j , it is again convenient to introduce y = 10 log 10 Ω2j −μ2j √ 2σ2j
and rewrite (21) as
and β j (y) is defined as in (7) (with σ 2j and μ 2j in place of σ j and μ j ). The integral in (23) is analogous to the one in (6), we therefore resort to the Gauss-Hermite quadrature method and express φ ξj (s) as
Replacing (25) in (16), the MGF of the instantaneous received SNR at the destination turns out to be
We now recall the analysis conducted in [10] and determine P e2 integrating (26) as follows:
where γ = sin (πM ) 2 is the modulation constant. Finally, from (11), (13), (26) and (27), the expression for the SEP e2e of RDSTC over independent, non identically distributed composite wireless channels turns out to be
Equation (28) can be readily implemented with the help of standard library functions, available in packages such as MAPLE and MATHEMATICA, with limited resource involvement.
C. Outage Probability
The outage is defined as the event where ξ, the instantaneous received SNR on the second hop, drops below a given threshold level ξ thres , so that the outage probability OP is
Its evaluation requires the CDF F ξ (·) of the instantaneous received SNR ξ. To obtain such CDF, we recall that
where L −1 (s) denotes the inverse Laplace transform. Following the approach undertaken in [8] , we provide an approximated expression for it, that replaced in (11) allows to write the OP e2e as
where A, Q and P are predefined integers, β p = 2 if p = 0 and β p = 1 if p = 1, 2, . . . , P , {·} indicates the real part of its argument and j 2 = −1. In Section V, we will demonstrate by direct comparison against simulative results that (28) and (31) provide excellent approximations of the exact SEP e2e and OP e2e , respectively.
IV. ASYMPTOTIC ANALYSIS FOR HIGH SNR
This section presents the asymptotic analysis of the RDSTC relay system in the high SNR regime and puts forth a far simpler and tight approximation for the SEP e2e .
To begin with, we observe that in high SNR conditions ξ 0 1: in (17) we therefore approximate 1 + sξ 0 g 2j sξ 0 g 2j and write (16) as follows:
In order to evaluate (32), we have to solve the integral
Recalling [12, eq. 3.351-4] and applying the Gauss-Hermite quadrature method we write
with
, that can be further simplified into
If we introduce the constant
we can rewrite φ ξj (s) as
We next observe that for high SNR values the probability each relay node being active is close to 1, and therefore assume that in such conditions, we can count on the whole array of relays R 1 ,R 2 , · · · , R Q . Accordingly, (32) turns into
It is now straightforward to determine P e2 expression in the high SNR regime: recalling (27) and (39) it is
In the next section, we will show that adopting (40) to evaluate the SEP e2e guarantees a remarkably tight approximation when high SNR values are considered.
V. NUMERICAL RESULTS
We report in this section the results obtained for the previously modeled RDSTC relay network when two settings are examined, with different diversity degrees: System 1, where K = 3 relays are considered and the number of antennas of the underlying space-time code is L = 3, and System 2, where K = 2 and L = 2. The channel parameter values for the Nakagami and the lognormal distributions are reported in Table I . The same space-time codes investigated in [13] and [2] are adopted; also, on the first hop we have considered a unitary spectral efficiency, R 1 = 1 bit/s/Hz, and the modulation scheme on the second hop is 8-PSK. In order to determine our results we have performed the Gauss-Hermite quadrature integration with a Hermite polynomial of degree N H = 10: the graphs will demonstrate that this choice guarantees an excellent accuracy. Fig. 1 reports the SEP e2e behavior as a function of ξ, the SN R expressed in dB: as expected, System 1 outperforms System 2, given the former exhibits a larger diversity gain. It is evident from this figure that there is perfect agreement between the analysis and Monte Carlo simulations. Fig. 1 also indicates that the SEP e2e approximation for the high SNR regime is hardly distinguishable from the analytical curve and therefore represents an effective alternative to the exact evaluation. Fig. 2 shows the OP e2e , and here too, an accurate match between the analytical results and the simulative outcomes is evident.
VI. CONCLUSIONS
This work has assessed the end-to-end performance of a wireless relay network that relies upon RDSTC with complex Gaussian distribution, when both small and large scale fading phenomena are considered. Extremely tight, analytical approximations of the SEP e2e and the OP e2e have been derived through the Gauss-Hermite quadrature method. For the high SNR regime, a much simpler, yet accurate expression for the SEP e2e has been obtained. The analysis has been successfully validated through Monte-Carlo simulation for selected numerical examples.
